Isomorphism invariants of enveloping algebras by Usefi, Hamid
ar
X
iv
:1
41
1.
37
34
v1
  [
ma
th.
RA
]  
13
 N
ov
 20
14
Contemporary Mathematics
Isomorphism invariants of enveloping algebras
Hamid Usefi
Abstract. Let L be a Lie algebra with its enveloping algebra U(L) over a
field. In this paper we survey results concerning the isomorphism problem for
enveloping algebras: given another Lie algebra H for which U(L) and U(H) are
isomorphic as associative algebras, can we deduce that L and H are isomorphic
Lie algebras? Over a field of positive characteristic we consider a similar
problem for restricted Lie algebras, that is, given restricted Lie algebras L and
H for which their restricted enveloping algebras are isomorphic as algebras,
can we deduce that L and H are isomorphic?
1. Introduction
Let L be a Lie algebra with universal enveloping algebra U(L) over a filed F.
Our aim in this paper is to survey the results concerning the isomorphism problem
for enveloping algebras: given another Lie algebra H for which U(L) and U(H) are
isomorphic as associative algebras, can we deduce that L and H are isomorphic Lie
algebras? We can ask weaker questions in the sense that given U(L) ∼= U(H), what
invariants of L and H are the same? We say that a particular invariant of L is
determined (by U(L)), if every Lie algebra H also possesses this invariant whenever
U(L) and U(H) are isomorphic as associative algebras. For example, it is well-
known that the dimension of a finite-dimensional Lie algebra L is determined by
U(L) since it coincides with the Gelfand-Kirillov dimension of U(L).
The closely related isomorphism problem for group rings asks: is every finite
group G determined by its integral group ring ZG? A positive solution for the
class of all nilpotent groups was given independently in [17] and [26]. There exist,
however, a pair of non-isomorphic finite solvable groups of derived length 4 whose
integral group rings are isomorphic (see [8]).
In Section 3, we discuss identifications of certain Lie subalgebras associated
to the augmentation ideal ω(L) of U(L). Let S be a Lie subalgebra of L. The
identification of the subalgebras L∩ ωn(L)ωm(S) naturally arises in the context of
enveloping algebras.
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In Section 4, we show that certain invariats of L are determined by U(L) in-
cluding the nilpotence class of a nilpotent Lie algebra L. The results of this section
motivate one to investigate the isomorphism problem in detail for low dimensional
nilpotent Lie algebras. The isomorphism problem for nilpotent Lie algebras of
dimension at most 6 is discussed in Section 5. It turns out that there exist coun-
terexamples to the isomorphism problem in dimension 5 over a field of characteristic
2 and in dimension 6 over a field of characteristic 2 and 3. The conclusion is that
as the dimension of L increases we have to exclude more fields of positive charac-
teristic to avoid counterexamples. Indeed, if there is a pair of Lie algebras L and
H that provides a counterexample over a field F then a central extension of L and
H would provide a counterexample in a higher dimension over F. Furthermore, it
is shown in Example 6.1 that over any field of positive characteristic p there exist
non-isomorphic Lie algebras of dimension p+ 3 whose enveloping algebras are iso-
morphic. So over any field of positive characteristic p and any integer n ≥ p + 3
there exists a pair of non-isomorphic Lie algebras of dimension n whose enveloping
algebras are isomorphic.
These observations convince us to consider the isomorphism problem over a
field of characteristic zero, however there are other invariants that we expect to be
determined over any filed. Some of these questions are listed in Section 8.
Nevertheless, it makes sense to consider the isomorphism problem for restricted
Lie algebras over a filed F of positive characteristic p. We denote the restricted en-
veloping algebra of a restricted Lie algebra L by u(L). Given another restricted Lie
algebra H for which u(L) ∼= u(H) as associative algebras, we ask what invariants of
L and H are the same? For example, since dimFu(L) = p
dimFL, the dimension of L
is determined. Unlike abelian Lie algebras whose only invariant is their dimension,
abelian restricted Lie algebras have more structure. As a first step, abelian re-
stricted Lie algebras are considered in Section 6. Other known results for restricted
Lie algebras are also discussed in Section 6.
In Section 7, we have collected the known results about the Hopf algebra struc-
ture of U(L) and u(L) deducing that the isomorphism problem is trivial if the Hopf
algebra structures of U(L) or u(L) are considered. In this section an example is
given showing that the enveloping algebra of a Lie superalgebra L may not neces-
sary determine the dimension of L. As we mentioned earlier some open problems
are discussed in Section 8.
2. Preliminaries
In this section we collect some basic definitions that can be found in [1] or
[18]. Every associative algebra can be viewed as a Lie algebra under the natural
Lie bracket [x, y] = xy − xy. In fact, every Lie algebra can be embedded into an
associative algebra in a canonical way.
Definition 2.1. Let L be a Lie algebra over F and U(L) an associative al-
gebra. Let ι : L → U(L) be a Lie homomorphism. The pair (U(L), ι) is called a
(universal) enveloping algebra of L if for every associative algebra A and every Lie
homomorphism f : L→ A there is a unique algebra homomorphism f¯ : U(L)→ A
such that f¯ ι = f .
It is clear that if an enveloping algebra exists, then it is unique up to isomor-
phism. Its existence can be shown as follows. Let T (L) be the tensor algebra based
ISOMORPHISM INVARIANTS OF ENVELOPING ALGEBRAS 3
on the vector space L, that is
T (L) = F⊕ L⊕ (L⊗ L)⊕ · · · .
The multiplication in T (L) is induced by concatenation which turns T (L) into an
associative algebra. Now let I be the ideal of T (L) generated by all elements of the
form
[x, y]− x⊗ y + y ⊗ x, x, y ∈ L,
and let U(L) = T (L)/I. If we denote by ι the restriction to L of the natural ho-
momorphism T (L)→ U(L), then it can be verified that (U(L), ι) is the enveloping
algebra of L. Furthermore, since ι is injective, we can regard L as a Lie subalgebra
of U(L). In fact we can say more:
Theorem 2.2 (Poincare´-Birkhoff-Witt). Let {xj}j∈J be a totally-ordered ba-
sis for L over F. Then U(L) has a basis consisting of PBW monomials, that is,
monomials of the form
xa1j1 · · ·x
at
jt
,
where j1 < · · · < jt are in J and t and each ai are non-negative integers.
This result is commonly referred to as the PBW Theorem. Let H be a sub-
algebra of L. It follows from the PBW Theorem that the extension of the Lie
homomorphism H →֒ L →֒ U(L) to U(H) is an injective algebra homomorphism.
So we can view U(H) as a subalgebra of U(L).
Next consider the augmentation map εL : U(L)→ F which is the unique algebra
homomorphism induced by εL(x) = 0 for every x ∈ L. The kernel of εL is called
the augmentation ideal of L and will be denoted by ω(L); thus, ω(L) = LU(L) =
U(L)L. We denote by ωn(L) the n-th power of ω(L) and ω0(L) is U(L).
We consider left-normed commutators, that is
[x1, . . . , xn] = [[x1, x2], x3, . . . , xn].
The lower central series of L is defined inductively by γ1(L) = L and γn(L) =
[γn−1(L), L]. The second term will be also denoted by L
′; that is, L′ = γ2(L). If
L′ = 0 then L is called abelian. A Lie algebra L is said to be nilpotent if γn(L) = 0
for some n; the nilpotence class of L is the minimal integer c such that γc+1(L) = 0.
Also, L is called metabelian if L′ is abelian. Let L be a Lie algebra over a field F
of positive characteristic p and denote by ad : L→ L the adjoint representation of
L given by (adx)(y) = [y, x], where x, y ∈ L. A mapping [p] : L → L that satisfies
the following properties for every x, y ∈ L and α ∈ F:
(1) (adx)p = ad(x[p]);
(2) (αx)[p] = αpx[p]; and,
(3) (x+ y)[p] = x[p] + y[p] +
∑p−1
i=1 si(x, y), where isi(x, y) is the coefficient of
λi−1 in ad(λx + y)p−1(x).
is called a [p]-mapping. The pair (L, [p]) is called a restricted Lie algebra.
Remark 2.3. By expanding ad(λx + y)p−1(x) it can be seen that si(x, y) ∈
γp(〈x, y 〉), for every i.
Every Associative algebra can be regarded as a restricted Lie algebra with the
natural Lie bracket and exponentiation by p as the [p]-mapping: x[p] = xp.
A Lie subalgbera H of L is called a restricted subalgebra of L if H is closed
under the [p]-map.
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Definition 2.4. Let L be a restricted Lie algebra over F and u(L) an asso-
ciative algebra. Let ι : L → u(L) be a restricted Lie homomorphism. The pair
(u(L), ι) is called a restricted (universal) enveloping algebra of L if for every as-
sociative algebra A and every restricted Lie homomorphism f : L → A there is a
unique algebra homomorphism f¯ : u(L)→ A such that f¯ ι = f .
It is clear that if restricted enveloping algebras exist then they are unique up
to an algebra isomorphism. Let I be the ideal of U(L) generated by all elements
x[p] − xp, x ∈ L. Put u(L) = U(L)/I. Then (u(L), ι) has the desired property,
where ι is the restriction to L of the natural map U(L) → u(L). The analogue of
the PBW Theorem for restricted Lie algebras is due to Jacobson:
Theorem 2.5 (Jacobson). Let {xj}j∈J be a totally-ordered basis for L over a
filed F of positive characteristic p. Then u(L) has a basis consisting of restricted
PBW monomials.
An important consequence is that we may regard L as a restricted subalgebra
of u(L). Thus, the p-map in L is usually denoted by xp.
LetX be a subset of L. The restricted subalgebra generated byX in L, denoted
by 〈X〉p, is the smallest restricted subalgebra containing X . Also, X
pj denotes the
restricted subalgebra generated by all xp
j
with x ∈ X . Recall that L is p-nilpotent
if there exists a positive integer k such that xp
k
= 0, for all x ∈ L. We say L ∈ Fp
if L is finite dimensional and p-nilpotent. Note that if L ∈ Fp then L is nilpotent
by Engel’s Theorem. We denote by L′p the restricted subalgebra of L generated by
L′.
3. Fox-type problems
Let L be a Lie algebra and S a subalgebra of L over a field F. The identification
of the subalgebras L ∩ ωn(L)ωm(S) naturally arises in the context of enveloping
algebras. It is proved in [14, 16] that L ∩ ωn(L) = γn(L), for every integer n ≥ 1.
Furthermore, we have:
Proposition 3.1 ([16]). Let S be a subalgebra of a Lie algebra L. The following
statements hold for every integer n ≥ 1.
(1) ω(S) ∩ ωn(S)ω(L) = ωn+1(S); hence, L ∩ ωn(S)ω(L) = γn+1(S) .
(2) ω(S) ∩ ωn(S)U(L) = ωn(S).
Hurley and Sehgal in [10] proved that if F is a free group and R a normal
subgroup of F , then
F ∩ (1 + ω2(F )ωn(R)) = γn+2(R)γn+1(R ∩ γ2(F )),
for every positive integer n. The analogous result for Lie algebras is as follows:
Theorem 3.2 ([22]). Let L be a Lie algebra and S a Lie subalgebra L. For
every positive integer n, the following subalgebras of L coincide.
(1) γn+2(S) + γn+1(S ∩ γ2(L)),
(2) L ∩ (ωn+2(S) + ω(S ∩ γ2(L))ω
n(S)),
(3) L ∩ ω2(L)ωn(S).
The motivation for this sort of problems also comes from its group ring coun-
terpart. Let F be a free group, R a normal subgroup of F , and denote by r the
kernel of the natural homomorphism ZF → Z(F/R). Recall that the augmentation
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ideal f of the integral group ring ZF is the kernel of the map ZF → Z induced by
g 7→ 1 for every g ∈ F . Fox introduced in [6] the problem of identifying the sub-
group F ∩ (1+ fnr) in terms of R. Following Gupta’s initial work on Fox’s problem
([7]), Hurley ([9]) and Yunus ([27]) independently gave a complete solution to this
problem.
At the same time Yunus considered the Fox problem for free Lie algebras. Let
L be a free Lie algebra and R an ideal of L. Yunus in [28] identified the subalgebra
L∩ ω(R)ωn(L) in terms of R. The solutions to the Fox problem for free restricted
Lie algebras is as follows.
Theorem 3.3 ([22]). Let R be a restricted ideal of a free restricted Lie algebra
L. Then
L ∩ ωn(L)ω(R) =
∑
[R∩ γi1(L), . . . ,R∩ γik(L)]
pj +
∑
(R∩ γi(L))
pℓ ,
where the first sum is over all tuples (i1, . . . , ik), k ≥ 2, and non-negative integer
j such that pj(i1 + · · · + ik) − it ≥ n, for every t in the range 1 ≤ t ≤ k and the
second sum is over all positive integers i and ℓ such that (pℓ − 1)i ≥ n.
Let L be a restricted Lie algebra. The dimension subalgebras of L are defined
by
Dn(L) = L ∩ ω
n(L).
Theorem 3.4 ([15]). Let be a restricted Lie algebra. Then, for every m,n ≥ 1,
we have
(1) Dn(L) =
∑
ipj≥n γi(L)
pj ,
(2) [Dn(L), Dm(L)]⊆ γm+n(L),
(3) Dn(L)
p ⊆ Dnp(L).
Proposition 3.5 ([24]). Let R be a restricted subalgebra of a restricted Lie
algebra L and m a positive integer. Then ω(R) ∩ ω(L)ωm(R) = ωm+1(R); hence,
L ∩ ω(L)ωm(R) = Dm+1(R).
Theorem 3.6 ([22]). Let L be a restricted Lie algebra and S a restricted Lie
subalgebra of L. For every positive integer n, the following subalgebras of L coincide.
(1) Dn+2(S) +Dn+1(S ∩D2(L)),
(2) L ∩ (ωn+2(S) + ω(S ∩D2(L))ω
n(S)),
(3) L ∩ ω2(L)ωn(S).
There is a close relationship between restricted Lie algebras and finite p-groups.
Indeed, a variant of PBW Theorem was proved by Jennings in [11] and later ex-
tended in [23]. This analogue of PBW Theorem for group algebras proves to be
a very useful tool as, for example, one can prove the following Fox-type results.
Below, ω(G) denotes the augmentation ideal of the group algebra FG over a field
F of positive characteristic p.
Theorem 3.7 ([23]). Let G be a finite p-group. For every subgroup S of G and
every positive integer n, we have
G ∩ (1 + ω(G)ωn(S)) = Dn+1(S).
Theorem 3.8 ([23]). Let G be a finite p-group. For every subgroup S of G and
every positive integer n, we have
G ∩ (1 + ω2(G)ωn(S)) = Dn+2(S)Dn+1(S ∩D2(G)).
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4. Powers of the augmentation ideal
Let L be a Lie algebra with universal enveloping algebra U(L). A first natural
question is whether U(L) determines ω(L). The following lemma answers this
question in the affirmative.
Lemma 4.1 ([16]). Let L and H be Lie algebras and suppose that ϕ : U(L)→
U(H) is an algebra isomorphism. Then there exists an algebra isomorphism ψ :
U(L)→ U(H) with the property that ψ(ω(L)) = ω(H).
Henceforth, ϕ : U(L)→ U(H) denotes an algebra isomorphism that preserves
the corresponding augmentation ideals. Since ϕ preserves ω(L), it also preserves
the filtration of U(L) given by the powers of ω(L):
U(L) = ω0(L) ⊇ ω1(L) ⊇ ω2(L) ⊇ . . . .
Corresponding to this filtration is the graded associative algebra
gr(U(L)) = ⊕i≥0ω
i(L)/ωi+1(L),
where the multiplication in gr(U(L)) is induced by
(yi + ω
i+1(L))(zj + ω
j+1(L)) = yizj + ω
i+j+1(L),
for all yi ∈ ω
i(L) and zj ∈ ω
j(L). Certainly gr(U(L)) is determined by U(L).
There is an analogous construction for Lie algebras. That is, one can con-
sider the graded Lie algebra of L corresponding to its lower central series given by
gr(L) = ⊕i≥1γi(L)/γi+1(L). Note that each quotient γi(L)/γi+1(L) embeds into
the corresponding quotient ωi(L)/ωi+1(L). Indeed, this way we get a Lie alge-
bra homomorphism from gr(L) into gr(U(L)) which induces an algebra map from
U(gr(L)) to gr(U(L)). We have:
Theorem 4.2 ([16]). For any Lie algebra L, the map φ : U(gr(L))→ gr(U(L))
is an isomorphism of graded associative algebras.
Note that under the isomorphism φ given in Theorem 4.2, we have φ(L/γ2(L)) =
ω(L)/ω2(L). Since gr(L) as a Lie algebra is generated by L/γ2(L), we deduce that
φ(gr(L)) is the Lie subalgebra of gr(U(L)) genearted by ω(L)/ω2(L). Hence:
Corollary 4.3 ([16]). The graded Lie algebra gr(L) is determined by U(L).
Corollary 4.4 ([16]). For each pair of integers (m,n) such that n ≥ m ≥ 1,
the quotient γn(L)/γm+n(L) is determined by U(L).
A useful tool that is used to prove many of the results is as follows. Recall that
the height of an element y ∈ L, ν(y), is the largest integer n such that y ∈ γn(L) if
n exists and is infinite if it does not.
Theorem 4.5 ([14, 16]). Let L be an arbitrary Lie algebra and let X = {x¯i}i∈I
be a homogeneous basis of gr(L). Take a coset representative xi for each x¯i. Then
the set of all PBW monomials xa1i1 x
a2
i2
· · ·xasis with the property that
∑s
k=1 akν(xik) =
n forms an F-basis for ωn(L) modulo ωn+1(L), for every n ≥ 1.
A Lie algebra L is called residually nilpotent if ∩n≥1γn(L) = 0; analogously,
an associative ideal I of U(L) is residually nilpotent whenever ∩n≥1I
n = 0.
Theorem 4.6 ([16]). Let L be a Lie algebra. Then L is residually nilpotent as
a Lie algebra if and only if ω(L) is residually nilpotent as an associative ideal.
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We can now summarize the invariants of L that are determined by U(L).
Theorem 4.7 ([16]). The following statements hold for every Lie algebra L
over any field.
(1) Whether or not L is residually nilpotent is determined.
(2) Whether or not L is nilpotent is determined.
(3) If L is nilpotent then the nilpotence class of L is determined.
(4) If L is nilpotent then the minimal number of generators of L is determined.
(5) If L is a finitely generated free nilpotent Lie algebra then L is determined.
(6) The quotient L′/L′′ is determined.
(7) Whether or not L′ is residually nilpotent is determined.
(8) If L is finite-dimensional, then whether or not L is solvable is determined.
Part (8) of Theorem 4.7 over a field of characteristic zero was proved in [16],
however, according to [25] enveloping algebra of a finite-dimensional Lie algebra
over any field can be embedded into a (Jacobson) radical algebra if and only if L
is solvable.
5. Low dimensional nilpotent Lie algebras
Based on results for simple Lie algebras in [12], it was shown in [4] that L is
determined by U(L) in the case when L is any Lie algebra of dimension at most
three over a field of any characteristic other than two.
In this section we focus on low dimensional nilpotent Lie algebras. A classifica-
tion of such Lie algebra is well known and can be found, for instance, in [5]. Since
there is a unique isomorphism class of nilpotent Lie algebras with dimension 1, and
there is a unique such class with dimension 2, the isomorphism problem is trivial
in these cases.
Up to isomorphism, there are two nilpotent Lie algebras with dimension 3 one
of which is abelian and the other is non-abelian. By Part (3) of Theorem 4.7,
their universal enveloping algebras must be non-isomorphic. The number of 4-
dimensional nilpotent Lie algebras is 3. One of these algebras is abelian, the second
has nilpotency class 2, and the third has nilpotency class 3. Again, by Part (3) of
Theorem 4.7, their universal enveloping algebras are pairwise non-isomorphic.
A strategy for higher dimensions is as follows, which we have used for dimen-
sions 5 and 6. For an arbitrary nilpotent Lie algebra L, we know, by Corollary
4.4, that the nilpotency sequence (dimγ1(L), dimγ2(L), . . .), after omitting the tail-
ing zeros, is determined. So, nilpotent Lie algebras of the same finite dimension
can be divided into smaller clusters where members of each cluster have the same
nilpotency sequence. The investigation of the isomorphism problem then reduces
to the Lie algebras in the same cluster. For example, there are 9 isomorphism
classes of nilpotent Lie algebras with dimension 5 which can be found in [5]. The
nilpotency sequence of a nilpotent Lie algebra of dimension 5 is then one of (5),
(5, 1), (5, 2), (5, 2, 1), (5, 3, 1), (5, 3, 2, 1), (5, 3, 2, 1). We can now summerize the
results for dimensions 5 and 6 as follows:
Theorem 5.1 ([19]). Let L and H be 5-dimensional nilpotent Lie algebras over
a field F. If U(L) ∼= U(H), then one of the followings must hold:
(i) L ∼= H;
(ii) char F = 2 and either L and H are isomorphic to Lie algebras L5,3 and
L5,5 or L5,6 and L5,7 in [5, Section 5].
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Theorem 5.2 ([19]). Let L and H be 6-dimensional nilpotent Lie algebras over
a field F of characteristic not 2. If U(L) ∼= U(H), then one of the followings must
hold:
(i) L ∼= H.
(ii) char F = 3 and L and H are isomorphic to one of the following pairs of
Lie algebras in [5, Section 5]: L6,6 and L6,11; L6,7 and L6,12; L6,17 and
L6,18; L6,23 and L6,25.
At the time when Theorem 5.2 was proved a complete list of nilpotent Lie
algebras of dimension 6 over a field of characteristic 2 was not available. Recently,
this list was obtained in [3]. Since, by Theorem 5.1, U(L5,3) ∼= U(L5,5) over a filed
of characteristic 2, then it is evident that setting L = L5,3 ⊕ F and H = L5,5 ⊕ F
provides a pair of non-isomorphic nilpotent Lie algebras of dimension 6 such that
U(L) ∼= U(H) over a field of characteristic 2.
6. Positive characteristic and restricted Lie algebras
The results of Section 5, show in particular that over a field of characteristic 2
or 3 there exist non-isomorphic nilpotent Lie algebras L and H such that U(L) ∼=
U(H), thereby providing counterexamples at least in low dimensions. However, the
following example provides counterexamples over any field of positive characteristic
p and dimension p+ 3.
Example 6.1 ([19]). Let A = Fx0 + · · · + Fxp be an abelian Lie algebra
over a field F of characteristic p. Consider the Lie algebras L = A + Fλ + Fπ
and H = A + Fλ + Fz with relations given by [λ, xi] = xi−1, [π, xi] = xi−p,
[λ, π] = [z,H ] = 0, and xi = 0 for every i < 0. Then we have:
(1) L and H are both metabelian and nilpotent of class p+ 1.
(2) The centre of L is spanned by x0 while the centre of H is spanned by z
and x0; so, L and H are not isomorphic.
(3) The Lie homomorphism Φ : L → U(H) defined by Φ|A+Fλ = id, Φ(π) =
z + λp can be extended to a Hopf algebra isomorphism U(L)→ U(H).
So, the isomorphism problem for enveloping algebras of nilpotent Lie algebras
has a negative solution over any field of positive characteristic. Another counterex-
ample can be given in the class of free Lie algebras based on [13, Theorem 28.10].
Recall that the universal enveloping algebra of the free Lie algebra L(X) on a set
X is the free associative algebra A(X) on X .
Example 6.2 ([16]). Let F be a field of odd characteristic p and let L(X) be
the free Lie algebra on X = {x, y, z} over F. Set h = x+ [y, z]+ (ad x)p(z) ∈ L(X)
and put L = L(X)/〈h〉, where 〈h〉 denotes the ideal generated by h in L(X). Then
we have
(1) L is not a free Lie algebra.
(2) There exists a Hopf algebra isomorphism between U(L) and the 2-generator
free associative algebra.
(3) The minimal number of generators required to generate L is 3.
When the underlying field has positive characteristic, it seems natural to con-
sider the isomorphism problem for restricted Lie algebras, instead.
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6.1. Restricted isomorphism problem. Let L be a restricted Lie algebra
with the restricted enveloping algebra u(L) over a field F of positive characteristic
p. Let ω(L) denote the augmentation ideal of u(L) which is the kernel of the
augmentation map ǫ
L
: u(L) → F induced by x 7→ 0, for every x ∈ L. Let H be
another restricted Lie algebra such that ϕ : u(L)→ u(H) is an algebra isomorphism.
We observe that the map η : L→ u(H) defined by η = ϕ− ε
H
ϕ is a restricted Lie
algebra homomorphism. Hence, η extends to an algebra homomorphism η : u(L)→
u(H). In fact, η is an isomorphism that preserves the augmentation ideals, that is
η(ω(L)) = ω(H). So, without loss of generality, we assume that ϕ : u(L) → u(H)
is an algebra isomorphism that preserves the augmentation ideals.
Note that the role of lower central series in Lie algebras is played by the di-
mension subalgebras in restricted Lie algebras. Recall from Theorem 3.4 that the
n-th dimension subalgebra of L is
Dn(L) = L ∩ ω
n(L) =
∑
ipj≥n
γi(L)
pj .
Now, consider the graded restricted Lie algebra:
gr(L) :=
⊕
i≥1
Di(L)/Di+1(L),
where the Lie bracket and the p-map are defined over homogeneous elements and
then extended linearley:
[xi +Di+1(L), xj +Dj+1(L)] = [xi, xj ] +Di+j+1(L),
(xi +Di+1(L))
[p] = xpi +Dip+1(L)
for all xi ∈ Di(L) and xj ∈ Dj(L). In close analogy with Theorem 4.2, one can
see that u(gr(L)) ∼= gr(u(L)) as algebras. So we may identify gr(L) as the graded
restricted Lie subalgebra of gr(u(L)) generated by ω1(L)/ω2(L). Thus, gr(L) is
determined.
Recall that L is said to be in the class Fp if L is finite-dimensional and p-
nilpotent. Whether or not L ∈ Fp is determined by the following lemma, see [15].
Lemma 6.3. Let L be a restricted Lie algebra. Then L ∈ Fp if and only if ω(L)
is nilpotent.
Lemma 6.4 ([21]). If u(L) ∼= u(H) then the following statements hold.
(1) If L ∈ Fp then | cl(L)− cl(H) |≤ 1.
(2) Di(L)/Di+1(L) ∼= Di(H)/Di+1(H), for every i ≥ 1.
We remark that methods of [15] and [16] can be adapted to prove that the
quotients Dn(L)/D2n+1(L) and Dn(L)/Dn+2(L) are also determined, for every
n ≥ 1. In particular, L/D3(L) is determined.
Unlike the isomorphism problem in which abelian Lie algebras are determined
by their enveloping algebras, the abelian case for the restricted isomorphism prob-
lem is not trivial. Note that if L is an abelian restricted Lie algebra then the p-map
reduces to
(x+ y)p = xp + yp, (αx)p = αpxp,
for every x, y ∈ L and α ∈ F. Thus the p-map is a semi-linear transformation.
Theorem 6.5 ([21]). Let L ∈ Fp be an abelian restricted Lie algebra over a
perfect field F. If H is a restricted Lie algebra such that u(L) ∼= u(H), then L ∼= H.
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Corollary 6.6. Let L ∈ Fp be a restricted Lie algebra over a perfect field.
Then L/L′p is determined.
It turns out that over an algebraically closed field stronger results hold.
Theorem 6.7 ([21]). Let L be a finite-dimensional abelian restricted Lie alge-
bra over an algebraically closed field F. Let H be a restricted Lie algebra such that
u(L) ∼= u(H). Then L ∼= H.
Using the identity [ab, c] = a[b, c]+[a, c]b which holds in any associative algebra,
we can see that L′pu(L) = [ω(L), ω(L)]u(L). Thus the ideal L
′
pu(L) is preserved by
ϕ. Now write JL = ω(L)L
′ + L′ω(L) = ω(L)L′p + L
′
pω(L). Since both ω(L)L
′
p and
L′pω(L) are determined, it follows that JL is determined.
Theorem 6.8 ([20]). If L ∈ Fp and F is perfect then L/(L
′p+γ3(L)) is deter-
mined.
Theorem 6.9 ([21]). Suppose that L and H are finite-dimensional restricted
Lie algebras such that u(L) ∼= u(H). Then, for every positive integer n, we have
Dn(L
′
p)/Dn+1(L
′
p)
∼= Dn(H
′
p)/Dn+1(H
′
p).
Lemma 6.10 ([21]). Let L ∈ Fp such that cl(L) = 2. Then, dimFL
′
p
pt
is
determined, for every t ≥ 0.
Lemma 6.11 ([21]). Let L ∈ Fp such that L
′
p is cyclic. The following statements
hold.
(1) cl(L) ≤ 3.
(2) We have L′p
t
u(L) = (L′pu(L))
pt , for every t ≥ 1.
A restricted Lie algebra L is called metacyclic if L has a cyclic restricted ideal
I such that L/I is cyclic. Recall that a p-polynomial in x has the form c0x+c1x
p+
· · · + ctx
pt , where each ci ∈ F. So, if L is metacyclic then there exist generators
x, y ∈ L and some p-polynomials g and h such that
h(x) ∈ 〈 y 〉p, [y, x] = g(y).
Now let L be a non-abelian metacyclic restricted Lie algebra in the class Fp. It
turns out that there exist another p-polynomial f and positive integers m,n such
that the following relations hold in L:
xp
m
= f(y) = yp
r
+ · · · ,
yp
n
= 0,
[y, x] = g(y) = bsy
ps + · · · , bs 6= 0.
Since L is not abelian, we have 1 ≤ r ≤ n and 1 ≤ s ≤ n− 1.
Theorem 6.12 ([21]). Let L ∈ Fp be a metacyclic restricted Lie algebra over
a perfect field of positive characteristic. Then L is determined by u(L).
7. Other observations
Because enveloping algebras are Hopf algebras, it also makes sense to consider
an enriched form of the isomorphism problem that takes this Hopf structure into
account.
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Recall that a bialgebra is a vector space H over a field F endowed with an
algebra structure (H,M, u) and a coalgebra structure (H,∆, ǫ) such that ∆ and ǫ
are algebra homomorphisms. A bialgebra H having an antipode S is called a Hopf
algebra. It is well-known that the enveloping algebra of a (resticted) Lie algebra is a
Hopf algebra, see for example [2] or [13]. Indeed, the counit ǫ is the augmentation
map and the coproduct ∆ is induced by x 7→ x ⊗ 1 + 1 ⊗ x, for every x ∈ L.
An explicit description of ∆ can be given in terms of a PBW monomials (see, for
example, Lemma 5.1 in Section 2 of [18]). The antipode S is induced by x 7→ −x,
for every x ∈ L. The following proposition is well-known (see Theorems 2.10 and
2.11 in Chapter 3 of [2], for example).
Proposition 7.1. Let L be a Lie algebra over a field F of characteristic p ≥ 0.
(1) If p = 0 then the set of primitive elements of U(L) is L. Since an isomor-
phism of Hopf algebras perserves the primitive elements, the Hopf algebra
structure of U(L) determines L.
(2) If p > 0 and L is a restricted Lie algebra then the primitive elements of
u(L) is L. Hence, the Hopf algebra structure of u(L) determines L.
If p > 0 then the set of primitive elements of U(L) is Lp, the restricted Lie
subalgebra of U(L) generated by L. Thus, any Hopf algebra isomorphism from
U(L)→ U(H) restricts to a restricted Lie algebra isomorphism Lp → Hp.
We now present an example illustrating that the analogous isomorphism prob-
lem for enveloping algebras of Lie superalgebras fails utterly in the sense that dimFL
may not be determined.
Let F be a field of characteristic not 2. In the case of characteristic 3, we add
the axiom [x, x, x] = 0 in order for the universal enveloping algebra, U(L), of a Lie
superalgebra L to be well-defined.
Example 7.2 ([16]). Let L = Fx0 be the free Lie superalgebra on one generator
x0 of even degree, and let H = Fx1 + Fy0 be the free Lie superalgebra on one
generator x1 of odd degree, where y0 = [x1, x1]. Then U(L) is isomorphic to the
polynomial algebra F[x0] in the indeterminate x0. On the other hand, U(H) ∼=
F[x1, y0]/I, where I is the ideal of the polynomial algebra F[x1, y0] generated by
y0 − 2x
2
1. Hence, U(H)
∼= F[x1] ∼= F[x0] ∼= U(L). However, L and H are not
isomorphic since they do not have the same dimension.
8. Open Problems
Below we list a set of problems that are interesting to investigate:
(1) An interesting open problem asks whether or not similar examples as
Example 6.1 can occur in characteristic zero; that is, does there exist a
non-free Lie algebra L over a field of characteristic zero such that U(L) is
a free associative algebra?
(2) Is the derived length of a solvable Lie algebra determined?
(3) Let L be a finite-dimensional Lie algebra over a field of characteristic zero.
Is Z(L) determined?
(4) Let L be a finite-dimensional metabelian Lie algebra over a field of char-
acteristic zero. Is L determined?
(5) Conjecture: Let L be a finite-dimensional nilpotent Lie algebra over a
field of characteristic zero. Then L is determined by U(L).
(6) Provide a counterexample to the restricted isomorphism problem.
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(7) Let L be a finite-dimensional restricted Lie algebra over a field of positive
characteristic. Is Z(L) determined?
(8) Let L be a finite-dimensional p-nilpotent restricted Lie algebra over a field
of positive characteristic. Is the nilpotence class of L determined?
(9) Let L be a finite-dimensional p-nilpotent restricted Lie algebra over a
perfect field of positive characteristic p . Is L determined by u(L)?
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